We derive a semi-analytical Laplace-transform based solution to the one-dimensional linear advection-diffusion-reaction equation in a layered medium. Our solution approach involves introducing unknown functions representing the diffusive flux at the interfaces between adjacent layers, allowing the multilayer problem to be solved separately on each layer in the Laplace domain before being numerically inverted back to the time domain. The derived solution is applicable to the most general form of linear advection-diffusion-reaction equation, a finite medium comprising an arbitrary number of layers, continuity of concentration and diffusive flux at the interfaces between adjacent layers and transient boundary conditions of arbitrary type at the two boundaries. Our derived semi-analytical solution extends and addresses deficiencies of existing Laplace-transform based solutions in a layered medium, which consider diffusion or reaction-diffusion only. Code implementing our semi-analytical solution is provided and applied to a selection of test cases, with the reported results in excellent agreement with a standard numerical solution and other analytical results available in the literature.
Introduction
Modelling heat and mass transport across layered media finds application to several important industrial and physical processes. Examples include: modelling solute transport through soil layers below the ground's surface to determine the potential of hazardous solutes contaminating underlying groundwater; modelling heat conduction in composite materials to determine their effectiveness as thermal insulators; and modelling brain tumor spread across the white and grey matter regions of the brain due to diffusion and proliferation. All of these processes can be described by the advection-diffusion-reaction equation with piecewise constant coefficients [1] [2] [3] (see Figure 1 ).
Analytical solutions of such advection-diffusionreaction equations (and analogous equations) in layered media continue to attract interest [4] [5] [6] [7] [8] as they are typically more accurate and efficient compared to numerical methods, are continuous in space and time and can be used to validate numerical solutions [9] . Mainly due to their prevalence in heat conduction, most analytical solutions in the literature are developed for multilayer diffusion problems [2, 7, 8, [10] [11] [12] with significantly less literature concerning advection-diffusion, reaction-diffusion or advection-diffusion-reaction problems. Since the majority of the literature for these latter problems, particular those involving advection, is presented in the context of solute transport through soil layers, we adopt that field's termi-Email address: elliot.carr@qut.edu.au (Elliot J. Carr) nology in this paper, where the primary variable is the solute concentration, dispersion is used in place of diffusion and the coefficient of the temporal derivative is referred to as the retardation factor [13] (Figure 1 ).
Analytical solutions for advection-dispersion equations in layered media have been presented by several authors. Amongst the earliest work in this area is that of Leij et al. [1] , who applied the Laplace transform to solve the advection-dispersion equation (with retardation factor) on a semi-infinite two-layer medium with finite first layer, semi-infinite second layer and continuity of concentration and dispersive flux at the interfaces between adjacent layers. Both concentration-type and flux-type boundary conditions were considered at the inlet and a zero concentration gradient was applied at the outlet (Figure 1 ). Exact expressions for the concentration in the Laplace domain were obtained and numerically inverted. In follow up work, Leij and van Genuchten [14] derived approximate analytical solutions by first expanding the Laplace domain concentration in both layers as infinite series, truncating each series after the first term and employing analytical inversion of the Laplace transform to convert the concentration back to the time domain.
Subsequent analytical solutions for finite layered media and an arbitrary number of layers were derived by Liu et al. [9] and then later by Guerrero et al. [6] , both using the method of eigenfunction expansion. Liu et al. [9] considered the advection-dispersion equation and Guerrero et al. [6] the advection-dispersion-reaction equation with a first order decay term. Both papers treated inlet
Outlet Inlet
x Figure 1 : Advection-dispersion-reaction in an m-layered medium. We solve for the concentration c(x, t), where the retardation factor R, dispersion coefficient D, pore-water velocity v, volumetric water content θ and rate constants for first-order decay µ and zero-order production γ are constant within each layer but vary across layers. Continuity of concentration and dispersive flux are imposed at the interfaces between adjacent layers (x = i , i = 1, . . . , m − 1) and transient boundary conditions of arbitrary-type are specified at the inlet (x = 0) and outlet (x = L).
boundary conditions of flux-type only with Liu et al. [9] allowing for an arbitrary time-varying inlet concentration and Guerrero et al. [6] a constant inlet concentration. Both approaches require a transcendental equation to be solved numerically for the eigenvalues with the accuracy of the solutions depending on the number of eigenvalues used in the expansions.
Recent work has revisited the use of Laplace transforms for solving multilayer transport problems. Carr and Turner [10] and Rodrigo and Worthy [8] solved the multilayer diffusion problem using the Laplace transform for an arbitrary number of layers and various types of boundary and interface conditions. Zimmerman et al. [4] solved a reaction-diffusion equation (without retardation factor) with a first order reaction term on a finite medium consisting of an arbitrary number of layers. All three of these papers [4, 8, 10] introduce an unknown function of time at each interface, representing either the diffusive/dispersive flux or concentration, which allows the multilayer problem to be isolated and solved separately on each layer in the Laplace domain before being inverted back to the time domain.
The aim of this paper is to extend, generalize and merge the work of Carr and Turner [10] , Rodrigo and Worthy [8] and Zimmerman et al. [4] to solve advectiondispersion-reaction problems using the Laplace transform. The derived solution is applicable to the most general form of linear advection-dispersion-reaction equation [13] , a finite medium comprising an arbitrary number of layers, continuity of concentration and dispersive flux at the interfaces between adjacent layers and transient boundary conditions of arbitrary type at the inlet and outlet. To the best of our knowledge, analytical solutions satisfying all the above conditions have not previously appeared in the published literature. The derived solutions and resulting code supersedes our previous work on multilayer diffusion [10, 15] , which employed a hybrid Laplace transform eigenfunction expansion approach, by removing the requirement of numerically computing eigenvalues in each layer.
The remaining sections of this paper are organised as follows. In section 2 we describe the multilayer advectiondiffusion-reaction problem considered in this work. Section 3 develops our proposed solution procedure using the Laplace transform. In section 4, the developed solutions are applied to a wide selection of test cases and compared to other analytical and numerical solutions available in the literature. In section 5, we summarise the work and discuss possible avenues for future research.
Multilayer transport model
We consider solute transport across an m-layered porous medium partitioned as 0 = 0 < 1 < · · · < m−1 < m = L (Figure 1 ). Let c i (x, t) be the solute concentration [ML −3 ] in the ith layer, where x ∈ ( i−1 , i ) is the distance from the inlet at x = 0 and t > 0 is time. The governing transport equation in the ith layer is
where
, v i is the pore-water velocity [LT −1 ], µ i is the rate constant for first-order decay [T −1 ] and γ i is the rate constant for zero-order production [T −1 ] [13] . Throughout this paper we will denote by c(x, t) the result of amalgamating the layer concentrations, c i (x, t) (i = 1, . . . , m), as defined in Figure 1 .
The transport equations (1) are accompanied by initial, interface and boundary conditions. The concentration is initially assumed constant in each layer
concentration and dispersive flux is assumed continuous at the interfaces between adjacent layers (i = 1, . . . , m − 1) [1, 6, 9] :
and general Robin boundary conditions are considered at the inlet (x = 0) and outlet (x = L):
The constant θ i appearing in the interface condition (4) is the volumetric water content [L 3 L −3 ] in the ith layer [13] . In the boundary conditions (5)-(6), a 0 , b 0 , a L and b L are constants and g 0 (t) and g L (t) are arbitrary specified functions of time with the subscripts 0 and L denoting the inlet (x = 0) and outlet (x = L), respectively ( Figure 1 ). We remark that b 0 and b L are both non-negative, at least one of a 0 or b 0 must be non-zero and at least one of a L and b L must be non-zero.
For solute transport problems, commonly [1, 9, 16] either a concentration-type boundary condition
or a flux-type boundary condition
is applied at the inlet, where c 0 (t) is the specified inlet concentration, while a zero concentration gradient is applied at the outlet:
These boundary conditions are obtained from the general boundary conditions (5)-(6) by setting
and a L = 0, b L = 1, g L (t) = 0 [Eq (9)], respectively.
Semi-analytical solution

General solution for m layers in Laplace space
To solve the multilayer transport model (1)- (6), we reformulate the model into m isolated single layer problems [4, 8, 10] . Introducing unknown functions of time, g i (t) (i = 1, . . . , m − 1), to denote the following scalar multiple of the (negative) dispersive flux at the layer interfaces [8, 10] :
yields the following equivalent form for the multilayer transport model (1)- (6):
First layer (i = 1)
Middle layers (i = 2, . . . , m − 1)
Last
with each problem coupled together by imposing continuity of concentration at the interfaces between adjacent layers (3) [8, 10, 15] .
To solve the isolated single-layer problems (10)-(13), (14)- (17) and (18)-(21), we take Laplace transforms yielding the boundary value problems:
where the prime notation ( ) denotes a derivative with respect to x,
L{g 0 (t)} and G L (s) = L{g L (t)} are assumed to be able to be found analytically. The boundary value problems (22)-(24), (25)-(27) and (28)-(30) all involve second-order constant-coefficient differential equations, which can be solved using standard techniques to give the following expressions for the concentration in the Laplace domain:
where the functions P i , A i and B i (i = 1, . . . , m) are defined in Table 1 .
With everything all other variables in the expressions (31)-(33) defined, to determine G 1 (s), . . . , G m−1 (s), the Laplace transformations of the unknown interface functions g 1 (t), . . . , g m−1 (t), we enforce continuity of concentration (3) at each interface in the Laplace domain [8, 10, 15] :
Substituting (31)-(33) into the system of equations (34) yields a linear system for x = [G 1 (s), . . . , G m−1 (s)] T , expressible in matrix form as
is a vector with entries:
Solving the linear system (35) allows the functions G 1 (s), . . . , G m−1 (s) to be computed and hence the Laplace transform of the concentration (31)-(33) can be evaluated at any x and s in the Laplace domain.
Simplification for two layers in Laplace space
The formulation presented in the previous section breaks down for m = 2 layers due to the assumption of middle layers. While the expressions for C 1 (x, s) (31) and C 2 (x, s) (33) remain valid:
the defined entries of the linear system (35) are no longer valid for m = 2. In this case, the linear system (35) reduces to a single equation that can be solved to yield:
which allows C 1 (x, s) and C 2 (x, s) to be evaluated at any x and s.
Numerical inversion of Laplace transform
To convert the Laplace domain expressions (31)-(33) back to the time domain and thereby obtain the concentration c i (x, t) (i = 1, . . . , m), numerical inversion of the Laplace transform is carried out using a method described by Trefethen et al. [17] :
where N is even, s k = z k /t and w k , z k ∈ C are the residues and poles of the best (N, N ) rational approximation to e z on the negative real line. Both w k and z k are constants, which are independent of x and t and computed using a supplied MATLAB function [17, Fig 4.1] .
Treatment of step function boundary conditions
Suppose the inlet concentration c 0 (t) in either the concentration-type (7) or flux type (8) boundary condition, is a Heaviside step function of duration t 0 > 0:
where c 0 is a constant. In solute transport problems, such boundary conditions are commonly [1, 13, 16] paired with a zero concentration gradient at the outlet (9) and lead to G 0 (s) = exp(−t 0 s)/s and G 0 (s) = v 1 exp(−t 0 s)/s in Eq (31) for the concentration-type and flux-type boundary condition, respectively. Such exponential functions are well known to cause numerical problems in algorithms for inverting Laplace transforms [18] . The approximation (36)
Middle layers (i = 2, . . . , m − 1) For all layers (i = 1, . . . , m): indeed suffers from this issue as evaluating exp(−t 0 s) at s = s k = z k /t for poles z k with negative real part leads to floating point overflow for small t. To overcome this problem, we use superposition of solutions. Consider, for example, the multilayer transport model (1)-(4) subject to the boundary conditions (7) or (8), and (9) . The solution to this problem can be expressed as
where c i (x, t) is the solution of the multilayer transport model (1)-(6) with g 0 (t) = c 0 and c i (x, t) is the solution of the multilayer transport model (1)-(6) with g 0 (t) = c 0 , f i = 0 and γ i = 0. Both c i (x, t) and c i (x, t) are obtained using the approach outlined in subsections 3.1-3.3.
Results
We now demonstrate application of our semi-analytical Laplace-transform solution and verify that it produces the correct results using a selection of test cases. The transport parameters, initial conditions and boundary conditions for each problem are provided in Tables 2 and 3 . A MATLAB code implementing our semi-analytical solution and producing the results in this section is available for download from github.com/elliotcarr/Carr2020a.
One and two layer test cases
Cases 1-4 consider advection-dispersion-reaction in a homogeneous (single-layer) medium of length 30 cm. The concentration is initially zero everywhere and a zero concentration gradient is applied at the outlet (9) . Four different boundary conditions are considered at the inlet:
• Case 1: flux-type boundary condition (8) with constant inlet concentration c 0 (t) = c 0 ;
• Case 2: flux-type boundary condition (8) with step inlet concentration c 0 (t) = c 0 H(t 0 − t) and pulse duration t 0 = 0.5 days;
• Case 3: concentration-type boundary condition (7) with constant inlet concentration c 0 (t) = c 0 ;
• Case 4: concentration-type boundary condition (7) with step inlet concentration c 0 (t) = c 0 H(t 0 − t) and pulse duration t 0 = 0.5 days.
To solve these single-layer problems using our semianalytical method, we choose m = 2 layers and set the transport parameters equal in both layers (see Table 2 ). In Table 4 , the relative concentration distributions (c(x, t)/c 0 ) obtained are compared to corresponding distributions obtained using analytical solutions given in the literature [13, sections C7 and C8], which are valid for homogeneous (single-layer) media only. For all four problems, the maximum absolute difference between the relative concentration distributions obtained using both solution methods is tabulated in Table 4 at t = 10 −3 , 0.1, 0.6, 1, 2, 4 days. These results demonstrate that both solutions are in excellent agreement for each choice of inlet condition and verify that our semi-analytical solution produces the correct results for single-layer media. Next, we present results for three two-layer test cases that have frequently appeared in the literature [6, 9, 14] . The three test cases, labelled cases 5-7, consider advection-dispersion (without decay or production) in a medium of length 30 cm with first and second layers of length 10 cm and 20 cm, respectively. A constant flux-type boundary condition is applied at the inlet (Eq (8) with c 0 (t) = c 0 ) and a zero concentration gradient is applied at the outlet (9) . Initially, the concentration is assumed to be zero in both layers. Different transport parameter combinations are applied for the three test cases (see Table 2 ). In Table 5 , for all three test cases, we report the relative concentration values obtained from our semianalytical solution at several equidistant points in space and time. These results are compared to those previously reported by Guerrero et al. [6] , Liu et al. [9] and Leij and van Genuchten [14] with all numerical values in Table 5 displayed to three decimal places to be consistent with the numerical values reported in those papers. For all three test cases, our results agree precisely with those of Guerrero et al. [6] to the precision reported. When compared to Liu et al. [9] and Leij and van Genuchten [14] , minor differences of ±0.001 are evident as highlighted in Table  5 . These discrepancies are likely to be explained by Leij and van Genuchten [14] considering a semi-infinite second layer and using a different method for numerically inverting the Laplace transform and Liu et al. [9] considering a finite second layer of undisclosed length.
Lastly, we present results for a final two-layer test case previously considered by Guerrero et al. [6] . This problem, labelled case 8, is the same as case 6 with the exception that first-order decay is present in both layers (see Table  2 ). In Figure 2 , we plot the relative concentration distributions obtained from our semi-analytical solution at t = 0.2, 0.4, 0.6, 0.8 days (as in [6] ) and t = 10 3 when the solution is visible indistinguishable from its steady state. At short time, our results match well with Guerrero et al. [6] 's results, however, the relative concentration distributions differ for long times and at steady-state. A plot of the exact steady-state solution obtained by solving the steadystate analogue of the multilayer transport model (1)- (6) seems to confirm that our approach is correct and suggests either an error in Guerrero et al. [6] 's solution approach or an unintentional mistake in the problem they reported.
Multiple layer test cases
We now apply our semi-analytical solution to some test cases involving five or more layers. Our solutions are compared to previously reported results from the literature 
1 0 c 0 αte −βt 12 0 1 0 Table 3 : Choice of inlet boundary condition (5) for the various test cases. For all test cases, a zero concentration gradient is assumed at the outlet with parameters a L = 0, b L = 1 and g L (t) = 0 specified in the outlet boundary condition (6) . [13] for the homogeneous medium test cases (1) (2) (3) (4) . The tabulated values are the maximum absolute difference between the values of the relative concentration (c(x, t)/c 0 ) computed using the two approaches over the discrete range x = 0, 2, . . . , 20 cm, with N = 14 poles/residues used for numerically inverting the Laplace transform (36). As recommended by van Genuchten and Alves [13] , if v 1 L/D 1 > max(min(5 + 40v 1 t/(R 1 L), 5 + 40v 1 (t − t 0 )/(R 1 L), 100), the analytical solution is calculated using the approximate solutions catalogued [13] . Otherwise the eigenfunction expansion solutions are used with 1000 eigenvalues/terms taken in the series expansions (see [13] and our code for full details). 0 0.999 0.999 0.999 0.999 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 2 0.988 0.988 0.987 0.988 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 4 0.928 0.928 0.928 0.928 0.999 0.999 0.999 0.999 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 6 0.764 0.764 0.763 0.764 0.995 0.995 0.995 0.995 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1. [9] and Leij and van Genuchten [14] . Shaded cells highlight discrepancies between the different methods by indicating when one of the four computed values differ from the others. and/or numerical solutions obtained using a finite volume method, briefly discussed in Appendix A. Firstly, we consider the five-layer test case previously considered by Liu et al. [9] and Guerrero et al. [6] . This test case involves advection-dispersion (without decay or production) in a medium of length 30 cm consisting of alternating layers of sand-clay-sand-clay-sand (cases 9-10 in Tables 2 and 3 ). The initial concentration is zero in each layer and a zero concentration gradient is applied at the outlet. Two different boundary conditions are considered at the inlet:
• Case 9: flux-type boundary condition (8) with constant inlet concentration c 0 (t) = c 0 ;
• Case 10: flux-type boundary condition (8) with step inlet concentration c 0 (t) = c 0 H(t 0 − t) and pulse duration t 0 = 3 days.
In Figure 3 , we plot the relative concentration distributions (c(x, t)/c 0 ) obtained from our semi-analytical solution at several points in time. Only case 9 is considered by Liu et al. [9] and Guerrero et al. [6] who both report relative concentration distributions at t = 2, 6, 10 days only with their solutions at these times all in excellent agreement with those for case 9 in Figure 3 . For case 10 and the remaining times for case 9, agreement with the relative concentration distributions computed using the numerical method discussed in Appendix A demonstrates that our semi-analytical solution produces the correct results.
To further highlight the capability of our approach, we consider three final test cases (cases 11-13 in Tables 2 and  3 ). Case 11 is case 9 with a continuously varying inlet concentration (see Table 3 ). Case 12 considers the same five-layer medium as cases 9-11 but with a zero concentration gradient applied at both the inlet and outlet and an initial condition modelling injection of a contaminant into the medium at time t = 0 between x = 14 cm and x = 18 cm [16] . This test case is solved by creating an artificial layer extending from x = 14 cm to x = 18 cm having the same transport parameters as the sand layer in which it is located, leading to a seven-layer formulation as described in Table 2 . Finally, case 13 demonstrates the full capability of our semi-analytical solution with non-zero rate constants of decay and production in each layer and multiple contaminant sources (see Tables 2 and 3 ). The agreement with the relative concentration distributions obtained using the numerical method evident in Figure 3 for cases 11-13 further confirm the correctness of our semianalytical solution approach.
Conclusion
In this paper, we have developed a semi-analytical Laplace-transform based method to solve the onedimensional linear advection-dispersion-reaction equation in a layered medium. The novelty of the approach is to introduce unknown functions at the interfaces between adjacent layers, which allows the multilayer problem to be isolated and solved separately on each layer before being numerically inverted back to the time domain. Our derived solution is quite general in that it can be applied to problems involving an arbitrary number of layers and arbitrary time-varying boundary conditions at the inlet and outlet. The derived solutions extend and generalise recent work on diffusion [8, 10, 15] and reaction-diffusion [4] in layered media.
The solutions presented in this paper, and our MAT-LAB code, are limited to constant initial conditions in each layer and interface conditions imposing continuity of concentration and dispersive flux between adjacent layers. However, extension to other interface conditions that do not impose continuity of concentration (see, e.g., [15] ), is straightforward and achieved in our formulation by replacing Eq (34) with the Laplace transform of the imposed condition. For example, solving the multilayer transport model (1)-(6) with concentration continuity (3) replaced by the partition interface condition [7, 15] , c i ( i , t) = α i c i+1 ( i , t) where α i > 0 is a specified constant, simply requires replacement of Eq (34) with C i ( i , s) = α i C i+1 ( i , s) and ultimately a small modification to the entries of the linear system (35). Treatment of spatially-varying initial conditions, where f i is now f i (x) in the boundary value problems (22)-(24), (25)-(27) and (28)-(30), is more challenging but possible and would lead to more complicated expressions for the Laplace domain concentration than those defined in Eqs (31)-(33) and Table 1. gets its entries from the initial condition (2) with first entry f 1 , last entry f m and kth entry (k = 2, . . . , n−1) equal to f i if x k ∈ ( where I is the n × n identity matrix and e k is the kth column of I. The components of F are defined as follows: 
